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Airfoil Designby anAll-At—-OnceMethod*

Ajit Sheny T MatthiasHeinkenschlos$  EugeneM. Cliff

Abstract

The all-at—onceapproachis implementedto solve an optimum airfoil designproblem.
Theairfoil designproblemis formulatedasa constraineaptimizationproblemin which flow
variablesand designvariablesare viewed as independenand the coupling steadystateEu-
ler equationis includedas a constraint,along with geometryand other constraints. In this
formulation,the optimizercomputesa sequencef pointswhich tendtoward feasiblility and
optimality at the sametime (all-at—once).This decouplingof variablestypically malkesthe
problemlessnonlinearandcanleadto moreefficient solutions. In this paperan existing op-
timization algorithmis combinedwith an existing flow code. The problemformulation, its
discretizationandthe underlyingsolversaredescribed Implementatiorissuesare presented
andnumericalresultsare given which indicatethatthe costof solving the designproblemis
approximatelysix timesthe costof solvinga singleanalysisproblem.

Key words Airfoil design,optimization,computationafluid dynamics,Eulerequa-
tions,nonlinearprogrammingpptimal design.

1 Introduction

Optimum airfoil designis an active areaof research.See,e.g., the recentpaperg?2], [4], [18],
[19], [20], [22], [23], [26], [27], [33], [34]. Abstractly the optimumairfoil designproblemcanbe
formulatedasa constrainedptimizationproblem,andmary techniqueave beenappliedto its
solution. Most of therecentapproachesn factall of thereferencesbove, combineoptimization
andoptimalcontroltechniquesvith computationafluid dynamics.Severalissueshave to bedealt
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with whenonefollows this path. Among thesearethe formulationof the optimizationproblem,
thediscretizatiorof theinfinite dimensionakhirfoil designproblem,andthe differentiationof ob-
jective functionandconstraintsFor the solutionof theairfoil designproblemall issueshaveto be
dealtwith simultaneouslyGreatcaremustbetakento avoid, or atleastto controlinconsistencies
andto developa robustandefficient solutionmethod. While thesetechniquesave alreadybeen
successfullyappliedto airfoil designproblems furtherinvestigationsareneededo improve effi-
cieng/ androbustnes®f thesolutiontechniquesndto increasehesetof (airfoil) designproblems
to which thesetechniquesanbeapplied.

In this papemwe investigataheapplicabilityof theall-at—oncdormulationof the optimization
problemto solve an airfoil designproblem. In mostpaperson airfoil design,the flow variables
g areviewed asfunctionsof the designparametersy. This function ¢(w) is implicitly defined
by the governingequationsR(q,w) = 0, in our casethe steadystate2-D Euler equations.The
optimizationformulationdescribingheairfoil designproblemis thenposedn thedesigrnvariables
w. Thisis calledtheblack-boxapproachThe Eulerequationsarenotvisible to the optimizer, but
hiddenby eliminatingthe flow variables,i.e., by expressingthe flow variablesq asfunctionsof
the designsvariablesw. An alternatve to this approachs the all-at—oncgormulationin which
oneviews flow variablesq and designvariablesw asindependenvariablesin the optimization
problem. The Euler equationscouplingthesetwo areincludedinto the optimizationformulation
asaconstrainalongwith otherconstraintsuchasgeometricconstraintsgragconstraintsetc. The
optimizeris now responsibldéor computinga pointwhichis feasibleandoptimalatthe sametime,
i.e., move towardsfeasibility and optimality at once,ratherthan moving along the manifold of
feasiblepointstowardsoptimality. Comparison®etweerthesewo approachesn otherproblems
have shavn that the all-at—onceapproactcanbe substantiallyfaster Thereasons thatviewing
g andw asindependenvariables,allows the optimizerto violate the Euler equationgduring the
iterations. Theseare only requiredto be satisfiedat the solution. This makesthe optimization
problemlessnonlinearandoftenresultsin fewer iterations.For example,lollo etal. [18] report
thattheir pseudo-timesteppingmplementatiorof the all-at—onceapproachrequiresonly threeto
four timesasmary iterationsto solve the designproblemascomparedo the effort requiredfor
the solutionof a singleanalysisproblem. Our resultsindicatea factor of five or six. However,
our optimizationapproachs differentandour problemincludesgeometricconstraints.It is also
importantto notethat an optimizerimplementingthe all-at—onceapproachrequiresroughly the
sameprobleminformationasanoptimizerappliedto the black-boxapproachexceptthatthe all-
at—onceapproachdoesnot require solutionsto the nonlinearflow equations. We give a more
detailedpresentatiomf therelationsin the next section.

Ratherthanformulatingthe airfoil designproblemiits discretizationanda solutionalgorithm
andthenimplementall componentgrom scratch,we decidedto build uponexisting codes. In
our implementationof the all-at—oncemethodfor our airfoil designproblemwe combinethe
optimizet TRICE, with theflow code ErICA. Thisimposesertainlimits onthechoiceof problem
formulationanddiscretizationput we believe thisto bearealisticapproachAs we have indicated
above, variousissueshave to be addresseavhen solving the airfoil designproblem. We focus
on the optimizationformulation. Our airfoil parameterizations obtainedby choosinga set of
basisairfoils and computingan optimizedairfoil as a linear combinationof those. Moreover,
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grid generatioranddiscretizatiorof the Eulerequationwasdoneto limit difficultiesarisingfrom
nonsmoothnesandinconsistencieskurthergainsin efficieney andaccurag canbe achiezed by
usingmorerefineddiscretizationtechniquesandimproving the couplingof the flow solver with
theoptimizer Thiswasbeyondthe scopeof this studyandis plannedfor futureinvestigations.
This papeiis organizedasfollows: In Section2 we discusptimizationformulationsandtheir
relations. This sectionalsoprovidesfurther motivationfor the all-at—onceapproachandreviews
someexisting optimizationapproaches.The governing equationsandthe flow codeErICA are
discussedn Section3. The designproblemis formulatedin Section4 and Section5 containsa
descriptionof the optimizerTRICE. Section6 containssomeimplementationssueshat have to
be resohed whencombiningan optimizerwith a flow codefor our situation. Section7 presents
somenumericalresultsandcontainsa discussiorof our numericalexperimentsandopenissues.

2 Optimization Problem

Therearesereralwaysto castthedesignproblemoutlinedin theintroductioninto anoptimization
problem. Two formulationswill be discussedn this section. The main purposeof this sectionis
to provide a backgroundor the discussiorof our approacho the airfoil designproblemandfor
acomparisorwith otherapproaches theliterature.In this sectionwe proceedasfollows: First,
we presenthetwo formulationsandtheir relationin anabstracframevork. Thenwe discusghe
applicabilityto theairfoil designproblem.

Thefirst formulationof theairfoil designproblemis givenby

min  J(g,w), (2.1)
st.  R(q,w)=0, (2.2)
G(g,w) <0. (2.3)

Hereq representhe flow variablesandw arethe designparameters.The constraintfunction R
representshe Euler equations.The inequality constraintg2.3) represenggjeometricconstraints,
dragconstraintandthelike. Thespecialcasen which G doesnotdependntheflow parameters
g deseresattention. In this sectionwe assumdhat the functionsJ : IR™ x IR"™ — IR, R :
IR" x IR™ — IR™,andG : IR™ x IR™ — IR™s aretwice continuouslhdifferentiableatthepoints
underconsiderationHowever, we notethatfor the formulationandexecutionof the optimization
algorithmappliedto our airfoil designproblem we only needfirst derivatives.For R, G we denote
differentiationwith respecto avariableby usingthevariableasa subscripte.g., R,(¢, w) denotes
thepartialJacobiarof R with respecto q. In additionto thedifferentiabilityassumptionwe make
theassumptiorthat R, (¢, w) is invertibleatall points(g, w) underconsideration.

Underthe assumptiorof the implicit function theorem(see,e.qg., [24]), the constraint(2.2)
locally definesafunctiong : IR™ — IR™ asthesolutionof

R(q(w),w) = 0. (2.4)

If the equation(2.2) hasa uniquesolutiong(w) for all w € IR™ underconsideratior(typically,
(2.3) representsn explicit restrictionof the designspaceand thereforenot the whole IR™ is
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relevant), thenwe caneliminatethe flow variablesq andformulate(2.1)—(2.3)in the following
reducedorm:

~

min {(w) = J(q(w),w), (2.5)
st G(w)=G(q(w),w) <0. (2.6)

The optimizationformulation(2.1)—(2.3)corresponds$o the all-at-oncg AAO) approach7],
[11] (alsocalledthe simultaneousinalysisanddesign(SAND) approach3], [26]). Theoptimiza-
tion formulation (2.5), (2.6) correspondso the black—boxapproach11] (alsocalledthe nested
analysisanddesign(NAND) [3], [26]) andit corresponds$o the multidisciplinefeasibleandindi-
vidual disciplinefeasibleapproachn [7].1

In the following, we presenbptimality conditionsfor (2.1)—(2.3)andwe discusshe relation
betweerthesetwo problems.Theseresultsareknown andcanbefoundin a similar form, e.g., in
[9], [13]. Let

L(g,w, \, ) = J(g,w) + X" R(q, w) + u" G (g, w) (2.7)

be the Lagrangiancorrespondindo (2.1)—(2.3). If a constraintqualificationis met, thenfor an
optimalpoint (¢, w) of (2.1)—(2.3)thereexist A, ;1 suchthat

Vo (g, w) + Ry(g, w)" X + Go(g,w)"n = 0,

va(q’ U]) + Rw(q’ w)T/\ + Gw(Qv w)T:U' = 07

R(qa w) = 0,
G(g,w) < 0, (2.8)

wo=> 0,

G(Qa w)T,u = 0.

If G doesnotdependn ¢, thenthefirst equationin (2.8)reducedo

VJ (g, w) + Re(g,w)" A = 0. (2.9)

Equation(2.9)is calledtheadjointequationand,if G doesnotdependn ¢, definesghe Lagrange
multiplier (or the co—state)\. With )\ givenby (2.9), theterm V,,.J (g, w) + R, (g, w)* X of the
seconcequationin (2.8)is calledthereducedyradient

A commonlyusedconstraintqualificationis the linear independentonstraintqualification
(LICQ): Let G'(¢q, w) denotethe vectorof functionsof G(gq,w) which areactive at (g, w). Then
LICQ is satisfiedif the gradientof the componenfunctionsin R(q, w) andG’(q, w) arelinearly
independentlf G doesnotdependbn q andif therows of G’ (w) arelinearindependentyhichis,
e.g., thecaseif G(w) = +w, thenourassumptiorthat R, (g, w) is invertibleimpliesthatLICQ is
satisfied9], [13].

Thesecondrdernecessarjsufficient] optimality conditionsaregivenby (2.8)and

(ji)TH(q,w,A,u) (Z) [i] 0 (2.10)

1Sincewe only have onediscipline R(q, w) = 0 thereis no distinctionbetweerthe multidisciplinefeasibleand
individual disciplinefeasibleformulationin [7].
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for all s,, s,, satisfying

Rq(q,w)8q+Rw(q,w)sw = Oa (211)
Gy(g,w)sq + Gylg,w)s, = 0. (2.12)

Unlessnotedotherwise (g, w) would usuallyreferto thesetof active constraints(: (¢, w). Here
H(q,w, A\, u) denotegheHessiarof theLagrangian

H(q,w, A\ 1) = Vg L(g,w, X, ).

Pointssatisfyingthehomogeneoustateequation(2.11)canbecharacterizetly (j;) =T(q,w)Sw,

where
T(g.w) = (—Rq(q, w)I‘lRw(q, w)) . (2.13)
With this, (2.10),(2.11),(2.12)canberewritten as
swT (g, w)" H(q,w, X, )T (g, w)sy > [>]0 (2.14)
for all s,, satisfying
[—Gy(g, w)Ry(q, w) ™" Ry (g, w) + Gu(q, w)]sw = 0. (2.15)

ThematrixT(q, w)’ H(q, w, \, u)T (g, w) is calledthereducedHessian Thetermontheleft hand
sideof (2.15)caneitherbe computedy calculatingthesensitvities R, (¢, w) ~* R, (¢, w) or using
anadjointapproachlf we define

A=—R,(q(w),w) "Gy(q(w), w)", (2.16)

thenthe left handside of (2.15) canbe written in the form AT R, (¢(w), w) + Gy (q(w),w). In
particularif n, is smallerthann,, theadjointequationbasedapproaclseemsnoreattractve than
the sensitvity equationapproach.

It isknown, seege.g., [9], [13], thatderiativesfor thereducedgroblem(2.5),(2.6)arerelatedto
thereducedjuantitiesof theproblem(2.1)—(2.3).For example,thegradientvf(w) of thereduced
problemis equalto thereducedgradientV,,J (¢, w) + Ry (g, w)T X, with \ givenby (2.9),atq =
¢(w). Moreover, theHessianH (w, ;1) = V2 L(w, 1) of theLagrangian.(w, x) = J(w)+G(w)
of thereducedproblemis equalto thereducedHessiaril’ (g, w)” H(q, w, A, 1)T (¢, w). Finally, the
JacobiarG,, (w) is equalto thematrix on theleft handsideof (2.15)atg = q(w).

Comparisongetweertheall-at—-onc€SAND) approaclandtheblack—box(NAND, discipline
feasible)approachcanbe foundin, eg., [7], [11], [26]. The all-at—onceapproachdecouples
stateanddesignvariables. An optimizerfor (2.1)—(2.3)canusethis decouplingandis allowed
to violate constraintsduring the iteration. This canresultin substantialgainsin performance.
Significantreductionsin solutiontimesfor problemsrelatedto the one consideredn this paper
arereportedin [11], [12]. However, the optimizermustachieve feasibility and optimality at the
sametime. This requirescarefully designedoptimizationcodesto maintainrobustness.In the
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computationakxperimentsn [11] the (particular)implementatiorof the black—boxformulation

alwaysperformedmorerobustly thanthe implementatiorof the all-at—onceapproachHor a one—
dimensionatluctdesignproblem.Concerningheapplicabilityof theall-at—onceapproaclandthe

black—boxapproachit shouldbe mentionedhatmostof the quantitiesneededo implementthe

all-at—onceapproachalsohave to be providedfor animplementatiorof the black—boxapproach.
Thisis indicatedby therelationsbetweerderivativesfor the reducedoroblem(2.5), (2.6) andthe

reducedjuantitiesof the problem(2.1)—(2.3)summarizeagbove.

In the context of airfoil designproblemsboth formulations(2.1)—(2.3)and (2.5), (2.6) have
beenused,however, currentlythe black—boxformulation(2.5), (2.6) seemgo be dominant[19],
[20], [23], [27], [33]. For airfoil designproblemsthe all-at—oncdormulation(2.1)—(2.3)is con-
sideredn [18], [34]. In bothcase®nly theequalityconstraineghroblem(2.1),(2.2)is considered.
Theoptimizationmethodsarederivedfrom the optimality systenfor (2.1),(2.2). In [18] the opti-
mality systemis solvedby applyinga few pseudo—-timetepso the Eulerequationandthe adjoint
equatiorto improve stateandco—stateestimatesnda gradient—lile stepto updatethedesignvari-
ables.The optimizationmethodsan [34] arederived from the applicationof Newton’s methodto
the optimality systemtheseareparticularversionsof sequentiaprogramming SQP)methods.

We usethe all-at—onceformulation (2.1)—(2.3). For our particulardesignproblemthe con-
straintsG aresimpleconstrainton the designvariables. The exact problemformulationwill be
introducedn thesubsequergections We usean SQPmethodfrom the classof methodslescribed
in [9], [15] for the solutionof theall-at—oncdormulation. This SQPmethodusesaninterior point
stratgy to handlethe inequalityconstraintsandemploys a trust-reion stratgy for globalization
of cornvergenceandto enhanceobustness.Seealso Section5. If only equality constraintsare
presentthenthe Newton basedmethodsn [34] arerelatedto the SQPmethodsn [9], [15]. Be-
sidesthecapabilityof handlinginequalitiesonthedesignspthermaindifferencesrethatthe SQP
methodsn [9], [15] usea trust—rgion globalizationand,in additionto exactsecondderivatives,
provide quasi—-N&ton approximationgo the full andreducedHessianof the Lagrangian.First
andsecondordercorvergenceresultsareprovenin [9] andtheinfluenceof inexactdervativesis
analyzedn [14].

For the formulation of the airfoil designproblemas an optimizationproblem,several other
issuesareof greatimportance.Thesearetheissuesf discretizationdifferentiability andunique
solvability of stateequationsandlinearizedstateequations.We give a moredetaileddescription
below. For generalairfoil designproblemscomprehensk, rigoroustreatmentof theseissues
arestill missing. In the caseof a one-dimensionatluct designproblem,which is relatedto the
airfoil designproblem,sucha comprehense, rigoroustreatmentanbefoundin [6]. It is shovn
in [6] thatan understandingf theseissuescanbe usedto improve robustnessand efficiency of
the optimizationcode. Theseémprovementsarebasedn the understandingf the problem,of its
discretizationand of the optimizationmethod. They areachieved with very little programming
effort andalmostno additionalcomputingeffort periteration.

The airfoil designproblemoriginally is aninfinite dimensionaproblem. Therefore the opti-
mizationformulationandoptimizationalgorithmhaveto becombinedwith adiscretizatiorscheme.
Variousapproachearepossible.Two of thosearethe optimize—then—discretizgproachn which
the optimizationalgorithmis formulatedin theinfinite dimensionakettingandthendiscretization
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areappliedto the individual steps,andthe discretize—then—optimizapproachn which onefirst

discretizegheproblemandthenappliesanoptimizationalgorithmto thediscretizedoroblem.The
processe®f discretizationand optimizationare usually not interchangeablandthereforethese
two approachearedifferent. The numericalsolutionof aninfinite dimensionaproblemrequires
a carefulstudyof the problemat hand. Severalissueshave to be keptin mind. In the optimize—
then—discretizepproachhe derivativesafter discretizationare usuallynot the derivativesof the
discretizedfunctions. Thereforeoptimizationalgorithmshave to copewith inexactderivative in-

formation. Seee.q., [5], [33]. Thediscretize—then—optimizapproactoften neglectsthe factthat
the infinite dimensionalproblemstructurestill influenceshe finite dimensionalproblem. If this
influenceis notincorporategroperly thenthe optimizationproblemtypically becomesrtificially

ill-conditionedandoneobseresa severedegradationin performanceandrobustnesof the opti-

mizer, see[6], [28].

Derivativesof constrainfunctionsandsolutionsy to the stateequationsreusedin theformu-
lation of optimality conditionsandin efficientoptimizers.See for example gradientcomputations
usingsensitvities or adjoint equations.For problemsgovernedby the Euler equationsdifferen-
tiability in the infinite dimensionalcontext is problematic,dueto the presencef shocks. This
might be differentfor the discretizedEulerequationslf smoothingorocedurege.g., introduction
of artificial viscosity)areappliedin discretizatiorschemedgor the Euler equationsthe resulting
finite dimensionakystemmay be differentiable.However, sincethe discretizationrschemesised
in CFD codesarevery comple, ‘derivatives’ and‘adjoint equations’shouldbe treatedwith care
andusuallymustbe understoodormally.

It is alsoimportantto keepin mind thatthe formulations(2.1)—(2.3)and(2.5), (2.6) areonly
equialentif (2.2) hasauniquesolutiong(w) for all w € IR™ underconsiderationlf R(q, w) =0
representshe (discretized)Euler equationsthis assumptiorseemdo be ratherstrongin view of
the non-uniquenessesultpresentedn [21] for discretizedEuler equations. The existenceand
uniquenessf the solutiong of R(q, w) = 0 for givenw is oftenalsorelatedto the existenceand
uniquenessf thesolutions, of thelinearizedstateequations?, (¢, w)s,+ Ruw(q, w) sw+R(gq, w) =
0 for given(q, w), sy.

As we have notedbefore,for a one-dimensionadluct designproblem,which is relatedto the
airfoil designproblem,the above issueshave beenrigorouslydiscussedn [6]. For generalair-
foil designproblemstheseissuesare subjectof currentresearch.In our approachto the airfoil
designproblemwe parameterize¢he airfoil usinglinear combinationsof existing airfoils. This
canbeviewed asareducedbasisapproachseee.g., [32, Sec.7.3])leadingto alow dimensional
(n,, = 4) designspace.Our grid generatiorschemdeadsto gridswhich dependsmoothlyon the
designparametersOurapplicationprogramsarebasednthepackage=rlCA for thesimulationof
flows over airfoils governedby the Euler equations. Amongthe discretizationrschemeswvailable
in that packagewe usethe schemewith bettersmoothnesgroperties. We usethe discretize-
then-optimizeapproach.Sincewe have alow dimensionaldesignspaceanda rathersimplegrid
generatiorschemewe believe thisis sensible However, givenour experiencesn [6], we believe
this approachasto berethoughtf morecomplex discretizationrschemesreused. More details
onthediscretizatiorschemesreprovidedin Sections3 and6.
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3 AnalysisProblem, Discretization, and Flow Code

In this sectionwe discusghe analysisproblemunderlyingour designproblemandits discretiza-
tion. The analysisproblemis the flow ¢ aroundthe airfoil governedby the steadystateEuler
equationdor aperfectgas.We alsooutlinetheflow codeErICA usedfor thesolutionof theanaly-
sisproblem.Althoughour optimizationformulationis basedn the all-at—onceapproactandour
optimizernever needgo solve the Eulerflow equationsye will extractseveralsubtaskgrom the
flow codeErICA. Thepresentatiomf the ErICA codewill helpto describehesetasks.
The unsteadyEuler equationdor a perfectgas,written in integral conseration law form is

givenby

0 “
—/st+/ F-hds=0 (3.1)
ot Ja o0
where,in Cartesiarcoordinates,
F=Fj+Gk
and
P ,2ou pU
_} pu _ ) put+p _ puv
PEo (pho)u (pho)v

with velocity components, v, densityp, total enegy perunit masse, = e + (u? + v?)/2, with e
beingtheinternalenegy perunit massandpressure, which for a perfectgasmay be expressed
by therelation,p = (v — 1)pe. Thetotal enthally perunit massis givenby h, = a?/(y — 1) +
u?/2+v%/2 = e, +p/p, Wherea = /vp/p is thesonicvelocity. Here,Q representthe consered
variableswith ¢ = [p u v p|” denotingthe primitive variablesand, F andg representheinviscid

fluxes. The problemdomainis denotedby 2 ands) representthe boundaryof thedomain.For a
detailedtreatmenof the Eulerequationsefer[10].

3.1 Discretization of the Euler Equations

For a given airfoil configuration,the shapeof which is representeds a function of the design
variablesw, the analysisproblemcorresponds$o the solutionof the Eulerequationf flow. The
flow is simulatednumericallyusingthe solver ErlICA (EuleR Inviscid Codefor Aerodynamics)
whichwasdevelopedby Narducci[25].

Computationakimulationswere performedon a C-type grid, which is wrappedaroundthe
airfoil. We only sketchthegrid generatiorto fix somenotation.For theomitteddetailswe referto
[29, Sec.4.2.2]. Thegrid is generatedlgebraicallyby thefollowing procedure We first distribute
pointson bottomboundary correspondingdo the airfoil surfaceandthe trailing edgewake, and
on thetop boundaryof the computationagrid, correspondingo the farfield boundary Oncethe
boundariesredefinedwe connectorrespondingairsof pointsonthetop andbottomboundaries
usingstraightlines. Grid cellsandnodesarenumberedy (4, k), wherej refersto the horizontal
positionandk refersto the vertical positionin the grid. Indiceswith £ = 1 referto nodesor cells
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onor attheairfoil, respectrely. A typical 201 x 53 grid is shovn in Figures3.1and3.2with 121
pointson the airfoil surface. In practical CFD codesmoresophisticatedyrid generatiorschemes
areused.Eventually suchgrid generationfiave to be incorporatedHowever, in afirst attemptto
applythe all-at—oncemethodologyto airfoil design,we preferredthis simplegrid becausef the
relative easeof generatinghegrid andbecausef its guaranteedmoothdependencenthedesign
parametergairfoil).

!
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Figure3.2: Close-upView of the201 x 53 grid.

Giventhegrid, the ErlICA code[25] is usedfor the solutionof the steadystateEulerequations.
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In ourversionof ErlCA afinite volumediscretizatiorusinganupwindschemaevith VanLeerFlux
Vector Splitting is appliedto computethe residuals. A MUSCL (MonotoneUpstream-centered
Schemdor ConserationLaws) differencingapproachs usedto interpolatethe valuesof the state
variablesg from the cell centersto the cell faces. In orderto fully capturethe shock,we use
third orderinterpolationof the fluxes. We use Van Albadas limiter to suppresscillationsin
the flow solution. While otherdiscretizationschemesre availablein ErICA, we selectedhese
becauseof their bettersmoothnesproperties. Seethe discussionat the end of Section2. A
pseudo—timenarchingschemeis usedto computesolutionto the steadystateEuler equations.
We usethe boundaryconditionsin [16, Ch. 19] on the airfoil surfaceandthe far-field boundary
conditionsproposedn [30]. We describehe mainfeaturesof theflow solverwhich areneededn
the subsequendiscussionFor moredetailswe referto [29].

As mentionedabove, we useacell-centeredfinite volumeformulationto rewrite thegoverning
equationg3.1). For the (3, k)th grid-cell the (semi-discretized)esidualin termsof the primitive
variabless givenby

0

wheresS);, is theareaof the (j, k)th subdomain)M = (.%Q is theJacobiarof the mappingbetween

the conseredandthe primitive variablesand R, = Zsides(ﬁ -n)As isthe residualwhereF’ is
theinviscid flux andAs is thelengthof the side. Summationis doneover all sidesof cell (4, k).
Requiring(3.2)for all cellsyields

SM% + R(q,w) = 0. (3.3)
Theresidualis computedas
Ri(qw) = [(F-n)As| | +[(F-n)As|  +[F-)As|,  +[(F-2)As], . (B4

Where[F-ﬁ]jil/Q correspondo theinviscidflux, £'-7, acrossheverticalcell facesand[F-ﬁ]kil/g
correspond#o theflux acrosghehorizontalcell facesyespecitrely. For agivencell face we have,

pU
5 o) pulU +ngp
Fen= pUv + nyp
(pho)U

whereU (= n,u + n,v) is the velocity normalto the cell face,andn, andn, arethe Cartesian
component®f the normalto the cell face. As notedabove, the residualis computedusing an
upwind schemewith Van Leer Flux Vector Splitting, with third orderinterpolationvia MUSCL
differencingto interpolatethevaluesof thestatevariablesy, from thecell centerdo thecell faces,
andwith VanAlbadas limiter to suppres®scillatorybehaior in the flow solution.

We usethe surfaceboundaryconditionsdescribedn [16, Ch. 19] and[8] (flow tangeng stip-
ulationandrequirementshatthe normalmomentuntbe zeroandentrofy be consered,curvature

?
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correctiongdescribedn [8] arengylected),alongwith thefarfield boundaryconditionsproposed
in [30]. Theseboundaryconditionsinvolve thecreationof ghostcells.

The steadystatesolutioncorrespondingo the semi-discret@quationg3.3)is computedising
apseudo—-timenarchingschemeappliedto (3.3). We consideitheimplicit scheme

ﬁM-ﬁ- (8_R>

Ag=—R" 3.5

whereAq = ¢"*! — ¢%; ¢" = q(nA?). Here"(?,:lgz denotesan approximatiorof the Jacobiang. R.
Seebelon. Theschemd3.5) mayberegardedasa simplifiedimplicit Eulerschemesince,

Ag OR\" oR\"
M= — gty e [22) Agre—R— [ Z2) Ag
SMS =1 R <8q> 1r -k (5Q> !

The equation(3.5) is ‘solved’ by applyingone stepon an Alternating Direction Implicit (ADI)
schemeTheresultingtime—marchingchemas notaccuraten time, but thisis notrequiredsince
we areonly interestedn steadystatesolutions.

For amoment,supposehat (2 R)" = (£ R)" andthatA = 2 F. Thenthe equationof (3.5)
correspondingdo cell (4, k) is givenby

{AitM + ([(A ' ﬁ)AS]j—lm T [(A ' ﬁ)AS]jH/?

+ [(A . ﬁ)As]k_l/Q + [(A : ﬁ)As] k+1/2>n} Agjr = —R(qj)- (3.6)

See(3.2),(3.4). Insteadof using A = 6%13“, we malke two simplificationsto derive A. Thesein-

creaseahe efficiengy with which onestepof the pseudo—timenarchingschemecanbe performed.
Thefirst simplificationis asfollows. In theresidualcomputationflux termslike [( £ - 1) Asjt1/2

arecalculatedusingVan Leer Flux VectorSplitting andMUSCL differencingwith cubicinterpo-
lation of the valuesof the statevariablesq from the cell centerso the cell faces.ErICA analyt-
ically computeghe Jacobian®f the flux termsobtainedusinglinear insteadof cubic interpola-
tion. Thesecondsimplificationin computing/i is madeby partly suppressingheinfluenceof the
ghost-cells.Emphasizingheinfluenceof the boundaryconditions theresidualcanbe written as
R(q,w) = R(q,qg(q), w), whereg, arethe valuesof the flow variableson the ghostcells. The
boundaryconditionsare usedto expresstheseasfunctionsof the flow variablesqg in the interior

andof w: ¢, = ¢,4(gq, w). Thus,thedervative of theresidualis of theform

OR(g,w) _ 0R(q,g5,w) | OR(:49,) O4(9, )
0q 0q an dq

. (3.7)

In ErlCA theapproximation

OR(q,w) _ OR(q,qyw)
o 9q (3.8)
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is usedto obtain A.
LetA =~ (%F denotetheapproximatdlux-Jacobianslervedusingthetwo simplificationsout-

lined above. If we setA = %:?, then A is a block pentadiagonainatrix. We split A = A, + A,
where A; correspondso the terms [(A . ﬁ)As]k_1/2 + [(A . ﬁ)As] bi12 in (3.6) andA,i corre-
+ [(A-7)As] , N (3.6). The subscriptj in 4; indi-

j—1/2 N j+1

catesthatthe matrixincludesinformationof A alongconstant—lines(verticalgrid—lines). Simi-

larly, A; includesinformationof A alongconstant—lines(horizontalgrid—lines).We alsodefine
= 4 SM. Now, (3.5)canbewrittenas

spondsto the terms (A - 72) As]

[T + A7 + 21;?] Ag = —R". (3.9)
We do not solwe (3.9), but approximatelyfactor

T+ Ay + A~ [T+ A4 T7H [T+ 4]

andsolve . .
[T+ A]" 17 [T+ 4]" Aq=-R" (3.10)
ThestepAgq is computedoy solving
T+ 4" A = —Rn,
[+ 4] Mgy (3.11)
[T + AJ] Aq = TAql/g.
Thenew flow iterateis
" =q" + Aq. (3.12)

Thetwo simplificationsin theflux-Jacobiansl. F* leadingto A ~ 2 F' guaranteehat (aftersym-
metric permutationhe matriceson the left handsidesof (3.11)arei)locktridiagonaI.Thus,each
subproblemin (3.11) requiresa block tridiagonalmatrix inversion,which involves a block LU
factorizationanda block matrix solve; the latter consistsof forward andbackward substitutions.
For moredetailsaboutthe schemeye referto Hirsch[17, 16] or Sheng [29]. An outline of the
ErICA algorithmfor the solutionof the governingEulerflow equationsR (¢, w) = 0 for givenw,
is givenin Algorithm 3.1.

3.2 Airfoil Shape Parameterization

We usean airfoil shapeparameterizatiorformulatedin [31]. Seealso[32, Sec.10]. The airfoil
geometnyis representedstheweightedcombinationof six shapgunctions

y(z/c) = Xi: wiyi(z/c). (3.13)

Four of theshapdunctionsarepre-«isting airfoils, namely NACA 2412, NACA 64:-412, NACA
650-415 andNACA 64,-A215. The shapefunctionsy,;—y, may be referencedrom [1]. Thetwo
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Algorithm 3.1 (ErICA)
1 Givenw;.

1.1 GenerateC—grid,includingghostcells.
1.2 Computedirectioncosinesandlengthsfor eachcell faceandtheareasof eachcell.

2 Giveng™. Computeresidual:
2.1 ImposeBoundaryConditions.
2.2 ComputeR;x = Yiqes(F - 1) As.
2.3 Compute||R]|.
2.4 If |R|| < tol, thenoutputtheresultandstop;otherwisegoto3.

3 EulerImplicit Time Integration.

3.1 k = constantines:
Sole [T + Zk]n Agyjp = —R"
3.2 j = constantines:
Sole [T+ 4;]" Aq = TAqy».
3.2 UpdateState:¢"t! = ¢" + A¢™. Setn = n + 1 andgoto 2.

additionalshapefunctionsys, y¢ are usedto imposecertaingeometricclosureconditionsat the
trailing edgeof theairfoil. Theseshapesregivenby

B x/e, onuppersurface
Y = Y0, onlowersuriace

0, onuppersurface
Yo =
—z/c, onlowersurface

Sincethesefunctionsareusedto closethe airfoil at thetrailing edge the weightsws andwg are
fixedin termsof w;—w,. We requirethat

yus(l) = yls(l) =0,
whichyield thefollowing relations

w5 = _[ylus (]‘)wl + y2us(]‘)w2 + y3us(1)w3 + y4us(]‘)w4]7
wG = [ylls(l)wl + y213(1)w2 + y3ls(1)w3 + y4ls (1)@’4],

wheresubscriptsis andls referto theupperandlowersurfacesrespectiely. An efficientapproach
to implementtheabove is to closeeachairfoil y;—y, individually to obtaing;—j4, andusetheseas
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ourdesignbasesWe have

Vo fe) = 3. wilafo). 314

4 TheDesign Problem

Given{w;,}, theflow ¢ aroundtheairfoil is governedby the Eulerequationdor aperfectgas.The
designproblemis formulatedasfollows:

max Cr (¢, @) (4.1)
suchthat
R(q,w) =0, (4.2)
CD(Q’ w) S CDmaxi (4'3)
Smin S S(w) S Smaxa (44)
Ore(®@) > Omin- (4.5)

wherew = {w;}, andqg = [p u v p]’ denotethe primitive variablesof flow, with the usual
notation. Equation(4.2) refersto the discretizedsteadystateEuler equationsof flow. The drag,
Cp, in this case,s the wave drag. The lower limit on the area,S, is imposedso that the airfoil
doesnotbecomeoothin, arequiremenfor structuralintegrity. Theupperdimit isimposedo avoid
thick, unrealisticairfoils. Equation(4.5) representa boundon thetrailing edgeangleimposedo
avoid situationsin which the uppersurfacecango below the lower surface. Seebelown. Thefree-
streamconditionsarebasedn MachnumberM = 0.75 flow atangleof attacka = 0.

Thestateequation4.2) wasdiscussedh Section3. We briefly describehe computatiorof the
aerodynamidorcesusedto computeC, (¢, w) andCp (¢, w), andthetrailing edgecondition(4.5).
Thesearefairly standardbut areincludedfor completeness.

Theaerodynamidorcesarecomputedy numericallyintegratingthe pressureverthesurface
of theairfoil. Thenormalizedorcesnormalandtangentiato theairfoil chordline arerespectiely
givenby,

2 U
Cn =— ——— Pje(Tjt1,1 — Tj5,1),
poovoo ];jo J ( J+ J )

9 U
C = — (s —yi1),
T P %pﬂ’“(%“’l Yi1)

where(j,k), k =1, j = jo, ..., js, denotethegrid pointson the airfoil surface. We computethe
lift anddragforcesrespectiely as,

C;, =Cycosa— Crsina,
Cp = Cysina+ Crcosa.

(4.6)
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Thedependencef thelift anddragcoeficientsonthestateq andthedesignw canbedetermined
from (4.6).
Theareaof theairfoil (for unit chordlength)s givenby

1 1
S = / yusdx _/ ylsdx-
0 0

Hereyys, yis representhe upperandthe lower surface,respectiely. Representinghe airfoil in
termsof the basic(closed)airfoils (3.14),we have

1 4 1 4
S = /Zwi?)iusd.’lﬁ—/ Zwi@ilsdx
0 =1 0 =1
4 1 1 4
= sz (/ Qiusdx—/ g)ilsdx> = szS,
i=1 0 0 i=1

whereS; correspondo the areasf theindividual airfoils. The areasof theindividual airfoils can
be computedat the beginning of the designcycle. For givenw the areais thensimply computed
astheweightedsumof theareasf the given(closed)airfoils.

Our parametriagepresentationf theairfoil (3.14)allowsfor situationsvheretheuppersurface
cango belav the lower surfaceof the airfoil. Suchsituationswere actually encounteredn our
preliminaryattemptsatoptimization.Hence we needto imposeanadditionalconstrainto prevent
suchphysicallyincompatibleconfigurationgo arise.Thisis doneby constraininghetrailing edge
angleof the airfoil. Thetrailing edgeangleis givenby tan™!(y,(1)) — tan=!(y/ (1)), whichiis
approximatedy

e = Yis(1) — yus(1).

Usingthe (approximatejrailing edgeanglesir g, of thefour basicairfoils, this canbe written as

4

=1

It wasfound sufficient to imposethe requirement4.5) to ensurethat the uppersurfacedoesnot
go below thelower surface.Note thatwhile the above approximatiorof the trailing edgeangleis
fairly crude,it doesyield a constrainthatis easyto computeandachiezesthe desiredeffect.

5 Optimization Algorithm

Theoptimizationalgorithmusedfor our computatioris a versionof thetrust-regyion interior-point
SQPmethodscalledTRICE developedin [9], [14], [15] for solving

min  J(q,w), (5.1)
st R(q,w) =0, (5.2)
Wmin S w S Wmax- (53)
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Clearly; (5.1)—(5.3)is a particularcaseof (2.1)—(2.3).In this sectionwe give a brief descriptionof
thealgorithm.We leave out mary technicaldetailsandfocuson how thealgorithminterfaceswith
theflow solver. For moredetailson the algorithmandits convergencewe referto the paperd9],
[14]. An importantaspecbf the TRICE implementatior{15] is thatapplicationspecificsubtasks
in the optimizationareseparatedrom the optimizer TRICE andcanbe provided by the user In
our casethis allows usto provide approximatesolutionsto linearizedstateequationsandadjoint
equationscomputedoy a modificationof the flow codeErICA. Seealso Section6. Since(5.3)
correspondso (2.3) with a G independenof ¢, the Lagrangemultiplier X is determinedy (2.9).
We usetheequation(2.9)to define) = (g, w).
If we defineadiagonalscalingmatrix D(gq, w) € IR™*™ with diagonalelements

(Wmax — w)? it (T(q,w)TVI(q,w)) <0,
(D(g,w)). = L ( ). (5.4)
! (w = wain)? if (T(g, )"V I (g, w)). >0,
thenthefirst orderoptimality conditions(2.8) canbe equialentlywritten as
R(q,w) =0,
(g, w) (5.5)

D(q,w)*T(q,w)TVJ(q,w) =0,

andwpin < W < Wiax-

Thealgorithmsin [9], [14], [15] generatea sequencef iterates(qy, wy), wherewy, is strictly
feasiblewith respectto the bounds,i.e., wmin < wWr < wmax (hencethe term interior—point
method).Thealgorithmscanbe motivatedby applyingNewton’s methodto the systemof nonlin-
earequationg5.5)wherethew components keptstrictly feasiblewith respecto theboundsj.e.,
Wmin < W < Wmax. Thesteps = (s,, s,) IS decomposedh to a quasi-normabteps® anda tan-
gentialsteps®. Therole of thequasi-normasteps® is to move towardsfeasibility. It is of theform
s* = (s3,0). The g-component} is relatedto the Newton stepappliedto solve R(q, wy) = 0,
for givenwy. The role of the tangentialstepis to move towardsoptimality. It is of the form
5% = T(qr, wr)sw = (—Ry(qr, wr) " Ru(qr, Wi) 5w, 5w), WhereT (g, wy) is the representatioof
the null-spaceof the linearizedstateequationdefinedin (2.13). The w—component,, of s* is
relatedto a quasi—N&vton stepfor thereducedproblem(2.5),(2.6).

Thematrix D(q, w) is in generahnot differentiable put this nondifferentiabilityis benignand
doesnot interferewith the fastcorvergenceof Newton’s method.A linearizationof (5.5) around
gk, Wi gIVES

(Rg)ksq + (Ru)ksw = —Ry, (5.6)

(q,w
w

(D,%T,;f V? )€k+[O|Ek]) ( jQ) = -DTIVJ,. (5.7)

Here we have usedthe subscriptk to denoteevaluationof functionsat g, wy. In (5.7), 0 de-
notesthen,, x n, matrixwith zeroentries/(q, w, \) = J(g, w) + AT¢(g, w), V%q,w)ﬁ(q, w,\) =
m[J(q, w) + ATe(q, w)], andE(q, w) is the R™*™ diagonalmatrix

(E(q, w))zz - ‘(T(q, w)TVJ(q, w))z‘
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replacingthein generahote><|st|ngterm[d 0] DQ(q, w)]T(q,w)"VJ(q,w).
Sincethesolutionof thelinearizedstateequation(5.6) canbewritten as

s = 8" 4+ TiSy, (5.8)

wheres® = (—(R,); 'Rk, 0)” andTy, is givenby (2.13).
By using(5.8)we canrewrite thelinearsystem(5.6)—(5.7)as

s = 8"+ TpSy, (5.9)
(DRTEV2 4T Dy + Ex) Dyt = —DiTY (V0 les™ + Vi), (5.10)

The Newton—like stepnow is the solutionof (5.9), (5.10)with D, replacedoy D;, whereD,, is
definedby (5.4) with 7,7V J, replacedby T,/ [V{, ,,¢ks* + VJi]. This changeof the diagonal
scalingmatrixis basedn theform of theright handsideof (5.10).

One canthatif (gx,wy) is closeto a nondgenerateminimizer (g, w,) which satisfiesthe
secondorder sufficient optimality conditions,the matrix on the left handside of (5.10)is posi-
tive definite. Therefore(5.10) canalsobe interpretedasthe optimality conditionof a quadratic
programin s,,. To globalizethe corvergenceandto enhanceobustnes®f thealgorithm,atrust—
region globalizationis added.Let A, bethetrustradiusatiterationk. The g—componenof s* is
computedoy approximatelysolving

minimize |/(Rq)x

| (s
subjecto |[(s7),] < A 5-11)
Givens®, thestepin w is computeddy approximatelysolving
_ . T =_
minimize (T,CT (Hyst + VJk)) Sw+ 355, (T,;-FH,CT,c + ExD; 2) Sw (5.12)

subjectto || D; Ls,|| < 6.

Of course,we also have to requirethat the new iterateis in the interior of the box constraints.
To ensurethat wy, + s,, is strictly feasiblewith respectto the box constraintsve chooses;, €
[0,1), 0 € (0,1), andcomputes,, With oy (wWmin — wg) < Sy < ok(Wmin — wg). The quadratic
minimizationproblemg(5.11)and(5.12)only needgo be solved approximately For example,an
approximatesolutionof (5.11)is givenby

(s")g = —t[(Rg)k] " Ry, (5.13)

wheret = 1if ||[[(Ry)x] ' Ri|| < A andt = A,/||[(R,)x] ' Ri|| < Ay otherwise.

An approximatesolutionof (5.12)canbecomputedusingamodifiedconjugategradientmethod.
If the reducedHessian?}l H, T}, is approximatedy a quasi-Nevton update thenthe solutionof
(5.12)is relatively inexpensve. The costof computingthe ‘reduced’gradient?)l (Hs} + V.Jy)
dominateghe costof solving(5.12).

The main stepsof the trust—reion interio—point SQPschemeare outlinedin algorithm5.1.
More generalersionsof thesealgorithmsarepossible. See[9], [14], [15].
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Algorithm 5.1 (TRICE)
1 GivenH, andA,.
2 Fork=0,1,2,...do

2.1 Computes;, by approximatelysolving(5.11).
2.2 Computel} (Hyst + VJ).

2.3 Computes,, With o (Wmin —wi) < sy < ok (Wmax —wy) by @approximatelysolving
(5.12).

2.4 Computes = s™ + s* = 5™ + T},
2.5 Compute) by solving(2.9)with ¢ = ¢ + 54, w = Wi + Sy.

2.6 UpdatethetrustregionradiusA, anddecideif g + s,, wx + s, Canbeaccepted
asthenew iterate.

2.7 If sis rejectedsetqkﬂ = @k, Wg4+1 = Wk, and/\k+1 = Ag.
Otherwises is acceptedsetg,1 = g + Sq, Wpt1 = Wi + Sy ANA A1 = A

2.8 If exactsecondorderinformationis not used,updatethe (reduced)Hessianap-
proximation.

We briefly sketchthe informationthat the SQP algorithm 5.1 requiresfrom the application
programs.A detailedpresentations givenin [15]. If (5.13)is used,thenstep2.1 requiresthe
solutionof a linearizedstateequation. The computationin step2.2 involvesthe solutionof an
adjointequation,seethe definition (2.13) of T'(¢, w). If a quasi—Nevton approximationis used
to replacethe the reducedHessianT} H, Ty, thenstep2.3 canbe implementedvery efficiently
usinga modified conjugategradientmethod. The applicationof 7}, in step2.4 requiresthe solu-
tion of anotherlinearizedstateequation.See(2.13). Computationsnvolving the solutionof one
linearizedstateequationandoneadjointequatiormaybe neededn step2.8. Thisdepend®nthe
updateused. This and otheralgorithmsareimplementedn [15]. Globalandlocal corvergence
resultsareprovenin [9]. Theinfluenceof inexactderwvativesis analyzedn [14]. Thelatteraspect
is importantin our applicationsincewe usea pseudo—-timenarching(iteratve) schemeo com-
pute approximatesolutionsto linearizedstateequationsandto the adjointequations.Moreover,
additionalapproximationsoutlinedin Section3, areappliedin thesecomputationsaswell.

A final remarkon the handlingof inequality constraintds in order In our casethe design
spacds smalln,, = 4 andotherapproachesuchasprojectionmethodsor actve setmethodscan
likely beusedwith similar performanceo handletheinequalityconstraintg5.3). However, wing
designgn industrialsettingsmayinvolve up to 500designparameter§4]. In this caseaninterior
pointapproactpromisedo be superior
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6 Numerical Implementation

6.1 Handling the Inequality Constraints and Reformulation of the Opti-
mization Problem

The currentversionof TRICE only solvesproblemsof the form (5.1)—(5.3). Hencewe needto
recasthedesignproblem(4.1)—(4.4)into theform (5.1)—(5.3).Thisis doneby handling(4.3) asa
“soft” constraintusinga penaltytermandby transforminghe designparameters.

Insteadof includingthe dragconstraint(4.3) we adda penaltyterm P(o(Cp/Cb,... — 1)) tO
theobjectve,where

P(z) = { ’, : fg 6.1)

Herep is a(scalar)penaltyconstanivhich canbeusedto increaseemphasi®n thedragviolation.
Theadditionof P(z) to the objective functionJ hasthe desiredeffect of penalizingthe objective
whenthe drag constraintis violated. Note that this is a “soft” constraint,in the sensethat the
optimizerwill allow the dragconstraint(4.3) to be violatedaslong asthe penaltyterm addedis
nottoolarge. This canbeaddressetb someextentby controllingthe penaltyconstanp.

Theremainingconstraintscanbe addressedsinga mappingbetweerthe controlvariable,w,
andthedesignweights,wo. Ratherthanusethe designweightsasour controlvariableswe usethe
areaof theairfoil andits trailing edgeangleascontrolvariablesasshovn belown. This enablesis
to addressheissueof ensuringhatthelowerboundontheareaandthetrailing edgeangleremain
strictly enforced py makinguseof thefactthatwe canplaceboundsonthe controlvariables.We
use,asour controlvariables,

2 . (w1 — W3)
_ 2- (g — wy)
0.5 67y
where s 5
g - Smin’ STE - 5r:zEr1L,

andthescalarfactoriv hasbeenaddedn orderto beableto experimentwith thescaling.Notethat
thisresultsin a controlspacehatis simply aresultof alinearcombinationof the designweights,
asshouldbeevidentfrom equationg4.7)and(4.7). Now, enforcingbounds

S max

min

strictly enforceghe boundson the areaof theairfoil (4.4). Similarly, thebound,

imposeghe constraint(4.5). The mapping(6.2) canbe usedto translatebetweenw andw. Note
thatthe abore mappingwaschosenso asto yield alow conditionnumberfor the transformation
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matrix providing the mappingbetweenthe weightsand the controls. This was donewith the
philosophythatachangean thecontrolsshouldproduceroughlythe sameamountof changean the
weights.This choicedid yield improved performancen the optimizationalgorithm.

Theoriginal designproblem(4.1)—(4.4)is now recasias

ming,, J(¢,w)=—Cr(q,w)+ P(o(Cp(q,w)/Cp,.., — 1))
s.t. R(q,w) =0,

Wmin S w S Wmax,

whichis of theform (5.1)—(5.3).

6.2 Solution of the Linearized State and Adjoint Equations

To solve the designproblemusingAlgorithm 5.1 describedabove, we needto be ableto do the
following:

e Provide an updates, in the statevariable,given an updatein the control variabless,, by
solvingthelinearizedstateconstraint.

e Solwetheadjointequationata givenpoint.

Thesetaskscanbe performedusingthe sameproblem-solvingstructureappliedin the flow solver
ErlICA. Thesetaskscanbeeasilyextractedfrom theflow codeandonly relatively few changesre
needed.

The modificationof the ErICA codeto computeapproximatesolutionsto the linearizedstate
equationis shavn in Algorithm 6.1. The schemeoutlinedin Algorithm 6.1 solvesanapproxima-
tion oR

(Aj + A+ Ag) Sq + %(q, w)sy + R(q, w) = R(sq, Sw, ¢, w) =0 (6.3)

of thelinearizedEuler equationaisinga pseudo-timenarchingschemeanalogoudo the oneap-
pliedin ErlICA. Hereq, w ands,, aregivenandanapproximatesolutions, hasto be computed.
Notethat R(q, w) is replacedayA + Ay +A While in theresidualcomputationflux termsare
calculatedjsmgVan LeerFlux VectorSpllttlng andMUSCL differencingwith cubicinterpolation
of the valuesof the statevariablesq from the cell centergto the cell faces,only linearinterpola-
tion is usedto calculateapproximatelacobiansseeSection3. This leadsto the matricesﬁj, Ay
However, boundaryconditionsareincludedin theresidualcomputationscf. (3.7). Thisis reflected
above by thematrix Eg. Theequation(6.3)is solvedby driving anunsteadyorm of thelinearized
Eulerequations

Os -~ OR _
SME =—(A4; + A+ Ay)s, — a—w(q,w)sw — R(q,w) = —R(Sq, Sw, ¢, w) =0 (6.4)
towardssteadystate. The factor SM is addedto the transientterm in orderto make the above

equationconsistentwith the discretizedEuler equationgcf. (3.3)). The pseudo-timenarching
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schemaiseds identicalto theoneusedn marchinghenonlinearEulerequationsgescribedbove
in equationg3.10)—(3.12)with the nonlinearresidual,R replacedby the linearizedresidual,R.
We canview this algorithmassimply aniteratve methodfor solvingthelinearizedstateequation.
Notethatarelaxationfactors is usedto updatethesolutionin theiterative processOur numerical
experimentsshoved that using 3 = 1.25 yieldedimproved corvergencerates. Also, note that
thereis anexternalloop in theiterative processnonitoringtheresidual.Thisis in orderto ensure
thatthe residualdoesnot diverge. If the norm of theresidualis greaterthansomepredetermined
value,R,..., thentheiterative processs restartedvith areducedime stepAt. Thisis necessitated
by the factthatthe Jacobianganbe ill-conditionedif the solutionis far from feasible,resulting
in a divergentiteration. Reducingthe time stephadthe effect of alleviating the ill-conditioning.
Using Ruax = 12||R°|| seemedadequatédor our purposesA factorof 12 is usedbecauseén some
instancesthe iterative processnitially increasedhe residualbut managedo recover. Clearly,
theserules are somavhat ad-hocand more sophisticatedechniquesould have beenappliedto
increaseefficiengy. Sinceweareconcernedavith morefundamentaissuesarisingin theall-at—once
approachpptimizingperformances beyondthe scopeof this study NotethatAlgorithm 6.1 only
involvesoneJacobiarevaluationandonenonlinearresidualevaluation. The Jacobiarundegoes
oneblock LU factorizationandtheiterative loop only involvesblock matrix solves,andevaluation
of thelinearizedresidual which simply requiresrelatively cheapblock matrix multiplicationsand
additions.

Similarly, for the solutionof the approximateadjointequation

(Aj 4+ Ap + A\ ++V,J (¢, w) = Alg,w) =0 (6.5)
considera “pseudo’time dependenadjointequation,

) S
SMT = - ((Aj + A+ A) A+ qu(zk)> = A,

where.J is the objectve. As in the solutionof the linearizedstateequation,we replacea%R by

ﬁj + Ay + flg. We usethe approximatefactorizationalgorithm usedin ErICA to iteratethis
equationin time, until theresidualof the adjointequations sufficiently small,ideally A = 0. The
proceduras asfollows. We have,

[T+ﬁj +ﬁk]TA/\ = —A"

Whereﬁj and A, areJacobiarterms. Thematrix of theleft is factoredapproximatelaccordingo
spatialdirections

[T+ 4] 77T+ 4] Ax= A"

This systemis solvedusingthe sequence

[T + Aj]T A)\l/Z = _An

~ 1T (6.6)
[T—{-Ak] AN = TTAN,
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Algorithm 6.1 (Linearized State Equation Solver)
1 Giveng,w, s,,, tol.

1.1 Generatgyrid.

1.2 Compute:ﬁj(q, w), Ak(q, w), Ag(q,w), Ry(q, w).
1.3 Compute:R’ = R(q,w) + Ry(q, w)sy.
1.4 Set:n =0, 5,” = 0.
2 LU Decomposition.
2.1 Compute:L, Uy, = [T + ﬁk].
2.2 Compute:L;U; = [T + Ay].
3 EulerImplicit Time Integration.
3.1 k = constantines:
SO'\/ELkUkASqI/2 = —R".
3.2 j = constantines:
Solve LjUjASq =T. ASQI/Q.
3.2 Updates,: sp*! = s7 + As,. Setn = n + 1 andgoto4.
4 ComputelinearizedResidual
4.1 Compute:R™ = [A; + Ay + 4,) s," + R?
4.2 Compute:|| R"||.
If |R"|| < tol, sets, = s7. Return.

Else,if || R"|| < Ruax, goto3.
Else,restart.Set: At = 0.5A¢, n =0, s, = 0, andgoto2.

A= A" 4 BAN

The above iterationis performeduntil the residualof the adjointequation A, is reducedo zero.
The adjointcomputations outlinedin Algorithm 6.2. Note, thatwhile computingthe residualof
the adjointequation,andthe linearizedstateequationwe includethetermsﬁg correspondingo
theboundaryconditions.
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Sincewe areinterestedn the solutionof the steadystateadjointequation(6.5),we couldhave
justaswell reversedthe sequencabove,i.e., solve

[T+ 4] Adpp = —A"

T (6.7)

[T+ 4;] AN = TTAN

andset\"*! = \* + B3A\. This would give us an algorithmwhich is exactly the sameasthat
usedin the linearizedstatealgorithm, exceptthe matriceswould be transposed.However even

thoughthe pseudo-timanarchingis just aniterative schemeor solving(6.5), we preferredo use
the transposef the pseudo-timgrocesg6.4) to calculatethe adjoints. Numericalexperiments
shavedthat(6.6) hadaslightly superiorcorvergencebehaior than(6.7).

Onceagainan outerloop monitorsdivergenceof the residual. We useA ., = 12||A%||. Nu-
mericalexperimentshovedthatthecomputatiorof theadjointwasmoresusceptibléo producing
divergentresults,andhencecarehasto be takenin choosingthe valueof the relaxationfactor 3.
We choose3 = min(1.25,1 — 0.121og(10]|AY||)), which hasthe desiredeffect of underrelaxing
whenthe solutionis crude,in orderto reducethe possibility of divergence andoverrelaxingwhen
thesolutionis refinedin orderto increasespeedf convergence Also, notethatwe donotstartwith
A = 0. Ratherwe startfrom the previously computedestimateof theadjointvariable.Our exper
imentsshavedthatthis yieldedsignificantsaszingsin termsof the numberof iterations.However,
if theiterationprovesto be divergent,thenwe reset) to zero. As we have notedalreadyfor the
linearizedstatesolver, theserulesare somavhatad-hocand moresophisticatedechniquesould
have beenappliedto increaseefficiengy. Thiswill bedonein futurestudies.As with theprocedure
for thelinearizedstateequationthis iterationonly involvesa singleJacobiarevaluation.

7 Numerical Results and Discussion

This sectionreportson someof numericalexperimentssonductedisingthe TRICE interior-point
trust-region SQPoptimizationalgorithm(seeSection5) coupledwith the modificationof the Er-
ICA flow code(seeSections3 and5) to solve theairfoil designproblemstatedn Sectionst and6.
Thepresentatiomf resultsis followed by a discussiorof obseneddifficulties, possibleremedies,
andfurtherresearchssues.

All reportedccomputationsvereperformedon C—typegridswith thefollowing dimensions:

1. 51 x 14 grid with 31 pointson theairfoil surface,
2. 101 x 27 grid with 61 pointsontheairfoil surface,
3. 151 x 40 grid with 91 pointson theairfoil surface,
4. 201 x 53 grid with 121 pointson theairfoil surface,

5. 301 x 79 grid with 181 pointsontheairfoil surface.
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Algorithm 6.2 (Adjoint Equation Solver)
1 Giveng, w, tol.

1.1 Generatgyrid.
1.2 Compute:4;(q, w), Ax(g,w), A,(g, w), Ry(g, w).
1.3 Compute:A® =V, J(q, w).
1.4 Set:in =0, \" = Appev-
(Aprev is the Lagrangemultiplier estimateat the previousiteration)

2 LU Decomposition.
2.1 Compute:L,Uj, = [T + ﬁk].
2.2 Compute:L;U; = [T+ 4;].
3 ComputeAdjoint Residual
3.1 Compute:A™ = [A; + Ay + ﬁg}T A" 4 A0

3.2 Compute:||A™]|.
If ||A"|| < tol, setA = A™. Return.

Else,if ||A"|| > Amax, restart.Set: At = 0.5At, n = 0, A" = 0, goto2.
4 EulerImplicit Time Integration.

4.1 j = constantines:

4.2 k = constantines:
Solve LUy AN =T - A)y .

4.3 UpdateAdjoint: \**! = \" + A\. Setn = n + 1 andgoto3.

Beforerunningthe optimization,we usedErICA for simulationandperformeda grid cornver
gencestudy Thiswasdonefor the (closed)NACA 2412airfoil andthegridsspecifiedabove. The
resultsareshownn in Figure7.1. They shav thatthe analysiscodeErICA overestimateshe drag
Cp andunderestimatethelift C, onthecoarsegrids.

Thegrid corvergencestudymotivatedthefollowing procedurdor solvingthedesignproblem.
We solvethedesignproblemon asequencef grids,usingtheoptimalsolution(designparameters
w andinterpolationof correspondingdlows ¢) of the coarsegrid asthe initial value on the next
finergrid. Onthecoarseggrid we computestartingvaluesasfollows: Theinitial designparameters
w = (1,0,0,0) correspondo the (closed)NACA 2412airfoil andtheinitial flow ¢ wasthecorre-
spondinglow computedoy ErlICA onthecoarseagrid, i.e., we startwith a pointsatisfyingthe state
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equationR(q, w) = 0. We alsostartwith alooseboundCp,, . onthedrag, whichis tightened
graduallyaswe refinethegrid. Thevaluesarereportedn Table7.1. We usep = 10 in the penalty
termfor thedragandS,,;, = 0.075 and Sy, = 0.15.

We stoptheoptimizationonthecurrentgrid if thenormof thereducedyradientl’ (¢, w)*V J(q, w)
is reducedto atoleranceof 10~% andif ||R(q, w)|| < 107°. It wasobsenred that the optimizer
struggledto diminishthe reducedgradientmuchbelow this. For the 51 x 14 grid, a scalefactor
of W = 1 wasusedwhich producedesultsthathadreducedhe normof thereducedyradientto
aboutl.5 x 102, at which point the iterationwasterminateddueto lack of progress.The algo-
rithm wasimplementedsothatif theoptimizationstalled,i.e., thealgorithmterminatedbecausét
failed to make further progressye restartthe optimizationwith a feasiblesolutionfor the given
configuration Severalrestartsvererequiredfor the51 x 14 grid. In particular theoptimizerstrug-
gledif the constraintresidual|| R(g, w)|| becameoo large, i.e., if theiteratesmove too far away
from feasibility. The obseneddifficultiesin the optimizationarelik ely dueto theinaccuracie®f
residuallacobiansisedin thelinearizedstateequationsandtheadjointequationsWe will discuss
thisin moredetailbelow. For the othergridswe useda scalefactorof W = 10 (cf. (6.2)). The
optimizationcorvergedwith a singlerestartin thesecases.The resultsare shavn in Table7.1.
Note thatwe did not run the optimizerfor thefinal grid, aswe hada nearly corverged solution.
Theareaof the optimizedairfoil is atthelower bound,asonemightexpect.
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Figure7.1: Grid CorvergenceStudyfor NACA 2412

Figure 7.2 shaws the final resultsobtainedfor the 301 x 79 grid. Note that the shockhas
moved downstream.The optimizationimprovesthe performanceof the airfoil. Comparedo the
baselineNACA 2412airfoil, which hadal lift coeficient, C;, = 0.4577 with Cp = 0.01241, the
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Table7.1: NumericalResultsfor Airfoil DesignProblem

Grid Size CDmax Data w1 w2 w3 w4 CL Cp S

Initial | 1.0000 | 0.0000 | 0.0000 | 0.0000 | 0.4132 | 0.0469 | 0.0823
51 x 14 0.04

Final | 0.2538 | 0.1793 | -0.1369 | 0.5793 | 0.5263 | 0.0403 | 0.0770

Initial | 0.2538 | 0.1793 | -0.1369 | 0.5793 | 0.5722 | 0.0251 | 0.0770
101 x 27 0.02

Final | 0.2812| 0.1049 | -0.0760 | 0.5314 | 0.5227 | 0.0201 | 0.0750

Initial | 0.2812 | 0.1049 | -0.0760 | 0.5314 | 0.5266 | 0.0159 | 0.0750
151 x 40 0.014

Final | 0.3059 | 0.0593 | -0.0313 | 0.5006 | 0.5037 | 0.0142 | 0.0750

Initial | 0.3059 | 0.0593 | -0.0313 | 0.5006 | 0.5044 | 0.0126 | 0.0750
201 x 53 0.012

Final | 0.3153 | 0.0429 | -0.0154 | 0.4893 | 0.4955| 0.0120 | 0.0750
301 x 79 0.010 0.3153 | 0.0429 | -0.0154 | 0.4893 | 0.4959 | 0.0103 | 0.0750

final designhasC, = 0.4959 andCp = 0.01028, which meanghellift coeficient hasincreased
by approximately8.5%,while thedragcoeficienthasbeenreducediy 17%.

Table7.2 givesanaccounibf the computationa&ffort requiredat eachstepto producea “con-
verged” solution. However, oneshouldkeepin mind thatwe did not optimizetheimplementation
for efficiengy. Improvementsn performancecanbe achiezed andwe outline a few possibleen-
hancementbelon. Herethenumberof “successfuliterationsis thenumberof iterationsin which
the Algorithm 5.1 acceptghe steps andusesg,.1 = qi + s4, Wi+1 = Wi + S, asthenew iterate
(seestep2.7), whereaghe total iterationsalsoincludesthe unsuccessfuterations,i.e., thosein
which the stepis rejectedandthe next iterateis setto be gx.1 = g, wrr1 = wg. It shouldbe
notedthatmostof thecomputationaéffort (in termsof numberof iterations)occursatthecoarsest
level, wherethe computationsrefairly cheap.Thoughthereis roomfor improvementhe TRICE
algorithmis relatively efficientin finding the givensolutions.Considey for example,the compu-
tationaleffort requiredfor the51 x 14 grid. We require3786residualevaluations 5004 Jacobian
evaluations,10008block LU factorizationsand454948block matrix solves. Comparethis to the
effort requiredto obtaina singleanalysissolution: We requireapproximatelyl000 pseudo—time
integrationstepsto producea corvergedsolutionwhich requires1000residualevaluations, 1000
Jacobiarevaluations,2000block LU factorizationsand 2000 block matrix solves. Discounting
the discrepang in the numberof solves,the computationakffort requiredby TRICE is roughly
equalto the effort requiredto perform5—6flow analyseswhichis very cheap.It shouldbe noted
thatthoughwe requirealarge numberof block matrix solves,this justinvolvesforwardandback-
ward substitutionswhich is fairly cheap.As we have indicatedearlier this paperconcernedvith
the feasibility of the all-at—onceapproactfor airfoil design. Computationakfficiency wasnot a
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******* Initial Design
Final Design

1.0

b. Initial airfoil (dashedpandoptimalairfoil (solid)

Figure7.2: Resultsobtainedusing TRICE for Airfoil DesignProblem

prime concernfor the interfaceof the ErICA flow subroutineswith the TRICE optimizer Sev-
eralimprovementanbe made.For example,we recomputehe Jacobiarinformationevery time
that we requireto solve the linearizedstateequationor the adjoint equation. Sincethe Jacobian
will only changsf theiterate(q, w) changesa moreefficientimplementatiorwould requireonly
oneJacobiarevaluationfor eachiterationof Algorithm 5.1. Moreover, our pseudo-time-stepping
schemdor solvingthelinearizedstateandthe adjointequatiorcanbeimprovedwhichwouldlead
to fewer pseudo-time-stepandfewer LU solves. Similar instance®f implementinghe codein a
moreefficient mannershouldyield significantsavings from the eliminationof redundantompu-
tations.

Earlier, we have pointedout thatthe optimizerstruggledo achieve the desiredolerances\We
now discusspossiblereasondor this and also possibleremedies. We distinguishamongthree
groups. Thefirst groupis relatedto the informationthatis providedto the optimizer the second
groupis relatedto the optimizationformulation,andthethird groupis relatedto the airfoil design
problemandits discretization.

The TRICE optimizerrequiresfrom the userthe solutionof linearizedstateequationandad-
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Table7.2: ComputationaHistory for Airfoil DesignProblemusingTRICE

Grid Total Successful|  Number # Residual | # Jacobian #LU

Size lterations | Iterations | of Restarts| Evaluations| Evaluations | Factorizations| Sohes
51 x 14 388* 211 12 3786 5004 10008 454948
101 x 27 44 26 1 313 437 874 73588
151 x 40 27 11 1 506 518 1036 81953
201 x 53 19 5 1 386 425 850 137768

* Iterationwasstoppedvith anormof thereducedgradientof 1.5 - 102 dueto lack of progress.

joint equation We extractthis informationfrom the ErICA code.However, we usesimplifications
in the computatiorof the constrainresiduals.While the residualR(q, w) is evaluatedusingVan
Leer Flux Vector Splitting andMUSCL differencingwith cubicinterpolationof the valuesof the
statevariablesq from the cell centersto the cell faces,the ‘Jacobians’of the flux termsare ob-
tainedusinglinearinsteadof cubicinterpolation.Thuswe only useapproximatelacobiansThese
approximationdecomebetterasthegrid is refined,but on agivengrid a certainerrorlevel cannot
beremoved. This explainsour earlierobsenation that the optimizerhad more problemsfinding
a solutionrelative to the giventolerancen the coarsegrid thanon thefine grid. The Jacobians
usedareonly asymptoticallycorrectandthe discrepanciebetweertrue JacobianandJacobians
usedbecomesmallerasthe meshis refined. On coarsegrids, we try to oversole the problem.
We expecta significantimprovementin performancef true Jacobiansreused.However, in that
casesomecomplicationsmay arisefrom the differentiationof the Van Albadaflux limiter. This
matterwill be investigatedn depthin future research.We point out that this behaior doesnot
contradictthe ability of the optimizerto handleinexactinformation. The optimizercanonly per
form successfullyfor arbitrarystoppingtolerancesf thedegreeof inexactnessanbe adjustedoy
the optimizerto the progresst makestowardscomputingthe solutionandtherebyto therequired
tolerance.Oneneeddo adjustthe stoppingtolerancego the accurag in functionvalues.In fact,
we could have relaxed the toleranceon the coarsegrid andtherebyreducedhe numberof coarse
grid iterationswhile maintainingtheperformancenthefinergrids. However, sinceanexacterror
boundfor thequality of theJacobiansiseds notavailable,we believethatonetendsto try to over
solvetheproblem.Hence the performancelisplayedn Table7.2is whatoneshouldexpectin the
experimentatiorphaseof the algorithm. Theseexperimentsanbe usedto definegrid-dependent
tolerancesvhichwill leadto a betterperformancehanthatshovn in Table7.2.

We usedthe optimizer TRICE becausef its capabilityto acceptsolutionsof linearizedstate
equationsandadjointequationscomputedusingapplicationspecificsolvers. A reformulationof
the problempresentedn Section6 wasnecessarysincethe currentversionof TRICE only solves
problemsof the form (5.1)—(5.3). Someinefficienciesanddifficulties might be attributedto this.
It is expectedthatthesewill beresohedwith futureversionof the optimizerfor solvingthemore
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generalproblems(4.1)-(4.5). A high percentagef the numberof block matrix solvesrequired
to solve the designproblem(refer Table 7.2) canbe attributedto the large numberof iterations
requiredto obtaina cornvergedsolutionfor theadjointequation.Thisis especiallytruefor thefiner
grids,which maybecausedy ill-conditioningin thegrid. We returnto thisissuebelow. Thehigh
numberof solvescanalsobe partly attributedto the penaltyfunctionapproachwe useto address
thedragconstrain{6.1). Whenthedragconstrainis violatedthegradieniof theobjectve function
with respecto the statevariablesbecomewery large,which in turn meanghattheresidualof the
adjointequationis very large andrequiresa large numberof iterationsto corverge. The penalty
term (6.1) alsocause®bjective functionto changeabruptlywhenthe dragconstraints violated.
This effectis currentlyinadequatelyeflectedn themodel(5.12)usedto computethe stepandled
to alarge numberof unsuccessfuterations.

Thethird groupof reasongor difficultiesin thesolutionprocesss someavhatrelatedto thefirst
oneandconcerngheairfoil designproblemandits solution.Jamesoi21] hasshovn theexistence
of casesvherenonuniquesolutionsof the discretizedEuler equationsanbe obtainedfor certain
airfoils. While the all-at—onceapproachmever requireshe solutionof the Eulerequationpurim-
plementatioruseghesolutionto thelinearizedequationg@ndadjointequationsExistenceof these
solutionsandtheir dependencaponright handsidedataneedto beinvestigatedAnotherpossible
reasorfor thedifficultiesin convergencebehaior is thefactthatthe simplealgebraiayrid thatwe
usemaybeill-conditioned. Sincethe primary purposeof the presenstudywasto demonstrat¢he
concepbf usingtheall-at—onceapproachor solvingthedesignproblem we have notinvestigated
theeffectof thegrid onthesolutionprocessAs aresult,no attempthasbeenmadeto ascertairthe
quality of the grid. It was,in fact, obsenedthatthe cornvergencebehaior exhibited by the flow
solver deterioratessthe grid is refined,which could be anindicationof ill-conditioning. Other
grid generatioriechniquesindairfoil surfacediscretizationshouldbeinvestigatedn this context.
More sophisticatedechniquesreappliedin mary of the paperson airfoil designcited earlierin
this paper However, aninclusionof suchtechniquesn the all-at—-onceapproachrequiresa care-
ful analysisof grid sensitvities which areneededn the computationof R, (¢, w) and.J,(q, w).
Finally, aswe have pointedoutin Section2, the airfoil designproblemis aninfinite dimensional
problem.Theinfinite dimensionalproblemi,its discretizationandthe optimizationapproacthave
to beanalyzedointly to derive robustandefficient solutionmethodsn a simplified modelprob-
lem the benefitsof suchananalysisweredemonstrateth [6] andwereshovn to leadto 10-15%
reductionsin optimizationiterations. Provisionsfor the inclusionof infinite dimensionalprob-
lem structureinto the optimizerhave beenmade,see[15]. Their applicationin the airfoil design
problemarepartof futureresearch.

8 Conclusion

We have implementedhe all-at—onceapproactto solve anoptimumairfoil designproblem.The
airfoil designproblemwasformulatedasa constrainedptimizationproblemin which flow vari-
ablesanddesignvariablesareviewed asindependentariablesandin which the couplingsteady
state2-D Euler equationis includedasa constraint. To implementthis approachwe have com-
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binedan existing optimizationalgorithm, TRICE, with an existing flow code,ErICA. Details of
theimplementatiorweregivenanddifficultiesarisingin theimplementatiorwerediscussedOur
numericalresultsindicatethatthe costof solving the designproblemis approximatelysix times
the costof solvinga singleanalysisproblem. This is consistentith the expectationthatthe de-
couplingof flow variablesand designvariablesin the all-at—-onceapproachmakesthe problem
lessnonlinearandcanincreaseheefficiengy with whichthedesignproblemis solved. Difficulties
obseredin thesolutionprocesswerediscusse@ndsomefutureresearchissuesvereaddressed.

Acknowledgements

We would lik e to thankRobertNarducciandProf. BernardGrossmarfor makingavailableto us
the flow solver ErlICA, andfor their assistancén extractingand understandinghe information
generatedhroughtheflow simulations.

References

[1] 1. H. ABBOTT AND A. E. VON DOENHOFF, Theoryof Wing SectionsDover Publications,
Inc., New York, 1959.

[2] W. K. ANDERSON AND V. VENKATAKRISHNAN, Aerodynamicdesignoptimizationon un-
structured grids with a continuousadjoint formulation Tech.Rep.97-9, ICASE, NASA
Langley ResearclCentey HamptonVA 23681-00011997.

[3] R. J. BALLING AND J. SOBIESZCZANSKI-SOBIESKI, Optimizationof coupledsystems:A
critical overviav of approades Tech.Rep.94-100,JCASE, NASA Langley ResearctCen-
ter, HamptonVA 23681-00011994.

[4] J. T. BETTS, W. P. HUFFMAN, AND D. P. YOUNG, An investigationof algorithm perfor-
mancein aerodynamicdesignoptimization Tech.Rep.BCSTECH-94-061Boeing Com-
puterServicesP.O. Box 24346,M/S 7L-68, Seattle WA 98124-03461994.

[5] J. BORGGAARD AND J. BURNS, APDE sensitivityequatiormethodor optimalaerodynamic
design Journalof ComputationaPhysics(To appear).

[6] E. M. CLIFF, M. HEINKENSCHLOSS, AND A. SHENOY, An optimal control problemfor
flowswith discontinuities Journalof OptimizationTheoryandApplications,94 (1997). To
appeaitn August1997.

[7] E. J. CRAMER, J. E. DENNIS, JR., P. D. FRANK, R. M. LEWIS, AND G. R. SHUBIN, On
alternativeproblemformulationsfor multidisciplinarydesignoptimization SIAM J. Optim.,
4(1994),pp. 754-776.

[8] A. DADONE AND B. GROSSMAN, SurfaceBoundaryConditionsfor the NumericalSolution
of the Euler Equations AIAA Journal 32 (1994),pp. 285-293.



AIRFOIL DESIGNBY AN ALL-AT-ONCEMETHOD 31

[9] J. E. DENNIS, M. HEINKENSCHLOSS, AND L. N. VICENTE, Trust—region interior—point
algorithmsfor a classof nonlinearprogrammingproblemsTech.Rep.TR94-45 Department
of Computationaland Applied Mathematics,Rice University, Houston, TX 77005-1892,
1994.

[10] A. EBERLE, A. Rizzl, AND E. H. HIRSCHEL, NumericalSolutionsof the Euler Equations
for SteadyFlow Problems vol. 34 of Noteson NumericalFluid MechanicsVieweg, Wies-
baden]1992.

[11] P. D. FRANK AND G. Y. SHUBIN, A comparisonof optimization—basedppradesfor a
modelcomputationalaerodynamicsdesignproblem Journalof ComputationaPhysics,98
(1992),pp. 74-89.

[12] O. GHATTAS AND J.-H. BARK, Optimal control of two— and three—dimensionaNavier
Stolesflow, Journalof ComputationaPhysics(1997). To appear

[13] M. HEINKENSCHL 0SS, Projectedsequentiajuadmtic programmingmethodsSIAM J. Op-
timization,6 (1996),pp.373—-417.

[14] M. HEINKENSCHLOSS AND L. N. VICENTE, Analysisof inexacttrust—region interior—point
SQPalgorithms Tech.Rep. TR95-18,Departmenf Computationabnd Applied Mathe-
matics,Rice University, Houston,TX 77005-18921995.

[15] ——, TRICE:A padage of trust—region interior—pointalgorithmsfor the solutionof optimal
contol andengineeringdesignproblemsUser’s guide tech.rep.,Departmenbf Computa-
tionalandApplied MathematicsRiceUniversity, Houston,TX 77005-18921996.Available
electronicallyfromtheURL ht t p: / / ww. caam ri ce. edu/ ~tri ce.

[16] C. HIRsCH, NumericalComputatiorof Internal and ExternalFlows vol. 2: Computational
Methodsfor Inviscid andViscousFlows, JohnWiley & SonsWestSussg, 1991.

[17] ——, NumericalComputatiorof Internal and ExternalFlows vol. 1: Fundamentalsf Nu-
mericalDiscretizationJohnWiley & SonsWestSussg, 1991.

[18] A. loLLO, G. KURUVILA, AND S. TA’ASAN, Pseudo—-timenethodfor optimal shapede-
signusingthe Euler equations Tech.Rep.95-59,ICASE, NASA Langley ResearciCenter
HamptonVA 23681-00011995.

[19] A. loLLO AND M. D. SALAS, Optimumtransonicairfoils basedon the Euler equations
Tech. Rep. 96-76, ICASE, NASA Langley ResearchCentey HamptonVA 23681-0001,
1996.

[20] A. loLLO, M. D. SALAS, AND S. TA’ASAN, Shapeoptimizationgovernedby the Euler
equationsusing an adjoint method Tech. Rep.93-78,ICASE, NASA Langley Research
Center HamptonVA 23681-00011993.



32

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

A. R. SHENOY, M. HEINKENSCHLOSSAND E. M. CLIFF

A. JAMESON, Airfoils admittingnon-uniquesolutionsof the Euler equationsin Proceedings
of the AIAA 22ndFluid DynamicsPlasmadynamicand LasersConference AIAA Paper
91-1625Honolulu,HI, June24—-261991.

—, Optimumaerdynamicdesignusing CFD and control theory, in Proceeding®f the
AIAA 12th ComputationaFluid DynamicsConference AIAA Paper95-1729,SanDiego,
CA, Junel9-221995.

A. JAMESON AND J. REUTHER, Contmol theorybasedairfoil designusingthe Euler equa-
tions in Proceedingof the AIAA/JUSAF/NASA/ISSMO 5th Symposiumon Multidisci-
plinary Analysis& Optimization AIAA Paper94—-4272PanameCity BeachFL, September
7-91994.

L. KANTOROVICH AND G. AKILoOV, Functional Analysisin NormedSpaces Pegamon
PressNew York, 1964.

R. P. NARDuUCCI, SelectedptimizationProceduesfor CFD-BasedShapeDesigninvolv-
ing Sho& Wavesor ComputationalNoise PhD thesis,Aerospaceand OceanEngineering
DepartmentyirginaTech,Blackshurg, Virginia, May 1995.

P. A. NEWMAN, G. J.-W. Hou, AND A. C. TAYLOR, III, Observationgegarding useof
advancednalysis sensitivityanalysisanddesigncodesn CFD, Tech.Rep.96-16,ICASE,
NASA Langley ResearclCentey HamptonVA 23681-00011996.

J. REUTHER, A. JAMESON, J. FARMER, L. MARTINELLI, AND D. SAUNDERS, Aerody-
namicshapeoptimizationof comple aircraft configuationsvia an adjoint formulation in
Proceeding®f the AIAA 34th AerospacesciencesMeetingand Exhibit, AIAA Paper96—
0094,Reno,NV, Januaryl5-181996.

A. SHENOY, E. M. CLIFF, AND M. HEINKENSCHLOSS, Thermal—fluidcontrol via finite—
dimensionabpproximations in Proceeding®f the AIAA 31stThermophysic€onference,
AIAA Paper96-1910New OrleansL A, Junel8-201996.

A. R. SHENOY, OptimizationTedniquesExploiting Problem Structue: Applicationsto
AerodynamicDesign PhD thesis,Aerospaceand OceanEngineeringDepartment\Virgina
Tech,Blackshurg, Virginia, April 1997.

J. L. THOMAS AND M. D. SALAS, Far—fieldboundaryconditionsfor transonidifting solu-
tionsto the Euler equationsAIAA Journal,24 (1986),pp.1074-1080.

G. N. VANDERPLAATS, ApproximationConceptgor NumericalAirfoil Optimization NASA
TP 1370,NASA AmesResearclCentey1979.

G. N. VANDERPLAATS, NumericalOptimizationTedhniquesfor EngineeringDesignwith
Applications McGraw Hill Seriesin MechanicaEngineeringMcGraw Hill, New York, St.
Louis, SanFrancisco,1984.



AIRFOIL DESIGNBY AN ALL-AT-ONCEMETHOD 33

[33] D. P. YOUNG, W. P. HUFFMAN, M. B. BIETERMAN, R. G. MELVIN, F. T. JOHNSON,
C. L. HILMES, AND A. R. DusTO, Issuedn designoptimizationmethodolgy, Tech.Rep.
BCSTECH-94—-00Rev. 1, BoeingComputerServicesP.O.Box 24346,M/S 7L-68, Seattle,

WA 98124-03461994.

[34] D. P. YOUNG AND D. E. KEYES, Newton’s methodand designoptimization Tech.Rep.
ISSTECH-96—-011BoeingInformationand SupportServices P.O. Box 24346,M/S 7L-68,
Seattle WA 98124-03461996.



